We determine the full mass and q 2 dependence of the heavy quark vacuum polarization function 
We determine the full mass and q 2 dependence of the heavy quark vacuum polarization function Π(q 2 ) and its contribution to the total e + e − cross section at O(α The vacuum polarization function Π(q 2 ) defined by the correlator of two electromagnetic currents j µ (x) = ψ(x)γ µ ψ(x), g µν q 2 − q µ q ν Π(q 2 ) = − i dx e iqx 0 |T j µ (x)j ν (0)| 0 ,
where q µ is the four-momentum of the quark pair produced or annihilated by j µ , represents an important quantity for theoretical studies as well as for many practical phenomenological applications. Relevant applications for the case of massive quarks include predictions of the hadronic cross section R ∼ Im[Π], or sum rules for the determination of the heavy quark masses [1, 2] . These sum rules are based on moments of the cross section for heavy quark pair production
which in fixed-order perturbation theory are related to the expansion coefficients of Π(q 2 ) around q 2 = 0,
where Q q is the heavy quark electric charge. In general the knowledge of the full dependence of the vacuum polarization function Π(q 2 ) on q 2 and the quark mass m is desirable to avoid having to rely on approximations that are only valid in certain kinematic regimes.
At O(α s ) the full mass and q 2 dependence of the vacuum polarization function is known from analytic computations carried out in Ref. [3] . At O(α 2 s ) analogous analytic results exist for the contributions that originate from inserting the massive [4, 5] and massless [6] fermion loops into O(α s ) one-gluon exchange diagrams. For the other O(α 2 s ) contributions results for the expansions of Π(q 2 ) in the high-energy limit, |q 2 | → ∞, the nonrelativistic threshold regime, q 2 ≈ 4m 2 , and in the Euclidean region around q 2 = 0 were used to reconstruct an accurate approximation [7, 8] . The method is based on the definition of subtraction functions which account for all logarithmic terms that arise for the expansions in the high-energy limit and in the threshold region. Using a conformal transformation to a new variable ω the full q 2 and mass dependence in the complex plane of the remaining contributions can be mapped into the unit circle rendering those contributions to an analytic function in the variable ω. The latter can then be successfully approximated by Padé approximants using the remaining expansion coefficients that are not related to logarithmic terms. With a large number of expansion coefficients for the three kinematic limits the full mass and q 2 dependence of the O(α 2 s ) vacuum polarization function can be determined with small numerical uncertainties. For the O(α 3 s ) vacuum polarization there is also no fully analytic result available in the literature. A numerical study of the full O(α 3 s n 2 f ) double fermionic contributions to the vacuum polarization function can be found in Ref. [9] . In the high-energy expansion its contributions to the total cross section up to order (m 2 /q 2 ) 2 are known [10] . A comprehensive review of these results can be found in Ref. [11] . Moreover, in the threshold region, where an expansion in the small quark velocity v can be carried out, the O(α 3 s ) contributions to the total cross section at order 1/v i for i = 2, 1, 0 are available from a factorization theorem for the heavy quark-antiquark pair production cross section in nonrelativistic QCD (NRQCD) at next-to-next-to-leading order (NNLO) [12, 13] . More recently also the moments M 1 [14, 15] and M 2 [16] at O(α 3 s ) have become available using elaborate high-power computer algebra tools. In this work we use the presently available information on the O(α 3 s ) corrections to the vacuum polarization function Π(q 2 ) in the high-energy limit, in the threshold region and the small q 2 domain to reconstruct the full q 2 and mass dependence of the vacuum polarization function at O(α 3 s ). The method we use is similar to the approach of Refs. [7, 8] employed previously for the O(α 2 s ) corrections of the vacuum polarization function (see also Refs. [17, 18, 19] ), but also accommodates a few notable differences which are motivated by the fact that less information is known on the vacuum polarization function at O(α 3 s ). While in Refs. [7, 8] information from the high-energy expansion up to order (m 2 /q 2 ) and from the threshold expansion up to next-to-leading order (NLO) was incorporated for the reconstruction, we account for the expansions up to order (m 2 /q 2 ) 2 at high energies and up to NNLO in the threshold region. While in Ref. [7, 8] the full set of terms in the high-energy expansion of Π was used for the construction, in this work we only rely on the terms that carry an absorptive part and that contribute to the cross section above threshold. We show that our method allows to determine previously unknown non-logarithmic terms of the vacuum polarization at O(α 3 s ) in the high-energy expansion with very small errors. Moreover, while in Ref. [7, 8] and later in Ref. [20] the coefficients of the small-q 2 expansion were included up to order q 14 and q 16 , respectively, we only rely on the presently available O(α 3 s ) coefficients up to order q 4 . Our method allows to determine the expansion coefficients at order q 2n with n ≥ 3. The results allow to compute the corresponding moments M n in the fixed-order expansion at O(α 3 s ). For phenomenologically relevant values of n the error in the M n due to the uncertainties in these coefficients is an order of magnitude smaller than the remaining scale-uncertainties of the M n at O(α 3 s ) . We demonstrate the reliability of the results by using the same approach for determining the corresponding coefficients for the vacuum polarization function at O(α 2 s ) where their values are well known analytically from the computations of Feynman diagrams. Another noteworthy difference of our approach to Refs. [7, 8] is that we implement a continuous set of subtraction functions to have a more reliable estimation of the uncertainty inherent to the method. Our approach can systematically incorporate new information from the expansions in the three kinematical regions, once it becomes available.
One important application of the vacuum polarization function at O(α 3 s ) obtained in this work is an analysis of low-n moments of the e + e − → cc cross section to determine the MS charm quark mass m c and to investigate the uncertainty in m c that arises from the difference of using fixed-order and contour-improved perturbation theory. For using contour-improved perturbation theory, which involves integrations of Π(q 2 ) in the complex q 2 -plane, it is essential to have the full mass and q 2 dependence of the vacuum polarization function. Such an analysis was carried out in Ref. [21] at O(α 2 s ). Determinations of the charm quark mass m c using the vacuum polarization function at O(α 3 s ) in the fixed-order expansion alone were carried out recently in Refs. [15, 22] . In this paper we discuss in detail the reconstruction of the full q 2 and mass dependence of the O(α 2 s ) and O(α 3 s ) corrections to the vacuum polarization function as outlined above. The thorough analysis of uncertainties in the charm and bottom quark MS masses obtained from low-n moments of the e + e − cross section will be given in a subsequent publication. The program of this paper is as follows: In Sec. II we set up our notation and in Sec. III we present the basic features of our method for reconstructing the vacuum polarization function. In Sec. IV we explain details about how logarithmic contributions in the expansions in the threshold region and for high energies are incorporated and in Sec. V we present how the remaining non-logarithmic terms are treated. Some of the solutions we obtain have unphysical properties. Criteria that allow to identify and discard such solutions are discussed in Sec. VI. Numerical analyses for the O(α 
II. NOTATION
The relation between the normalized e + e − cross section R and and the vacuum polarization function Π reads
where Q q is the heavy quark electric charge. The perturbative fixed-order expansion of Π(q 2 , m 2 ) has the form
with the color factor C F = 4/3. We use the on-shell normalization of the vacuum polarization function, where
We exclude the so-called singlet contributions where the vacuum polarization function contains a three-gluon cut.
Note that in this work we do not distinguish between the contributions in Π (2) and Π (3) proportional to the different SU(3) group theory color factors since there isn't any compelling technical reason that would make such a distinction mandatory. This approach neglects the existence of the multi-particle cuts from diagrams with the insertion of massive fermion loops. Their contribution is strongly phase-space-suppressed and can be safely ignored for the level of accuracy intended in this work. We emphasize, however, that our approach can be applied to the individual color contributions as well.
For the reconstruction of the vacuum polarization function accomplished in this work we use exclusively the pole mass scheme, m = m pole , since it allows for the most transparent treatment of the information from the quark pair production threshold. Moreover we use the choice µ = m = m pole for the renormalization scale and generally suppress the µ-dependence of the functions Π (i) . To simplify the presentation we frequently use the variable
For the strong coupling we use n f = n ℓ + 1 active running flavors, where quarks that are heavier than those produced by the current j µ are integrated out and where all n ℓ light flavors are treated as massless. The analytic expression for the vacuum polarization functions at O(α s ) [3] is an important ingredient of our analysis. The corresponding contributions using the notation of Eq. (5) have the form
where
An important application is the determination of the moments M n in the fixed-order expansion. Here the pole mass scheme is strongly disfavored since it contains an O(Λ QCD ) renormalon ambiguity that leads to a quite bad perturbative expansion of the moments. For small values of n this problem can be avoided conveniently by using the MS mass scheme. For the complications that arise for large values of n see e.g. Refs. [23, 24] . In this paper we use the MS running mass m with n f = n ℓ + 1 running flavors for discussions of the moments M n . Using a common renormalization scale µ for the mass and the strong coupling, the fixed-order perturbative expansion of the moments M n can be written in the form
adopting the notation of Refs. [7, 8] .
III. THE METHOD
The expansions of Π(z) in the threshold region z ≃ 1 and the high-energy limit |z| → ∞ involve powers of log(1 − z) and log(−4z), respectively. Above production threshold for z > 1 these logarithmic terms contribute to the absorptive parts in Π that constitute the cross section according to Eq. (4). On the other hand, the expansion around z = 0, which is located in the Euclidean region, leads to fully analytic terms and admits a usual Taylor expansion. We want to reconstruct the full q 2 and mass dependence of Π (3) by building functions that incorporate all known properties of Π (3) in the threshold regime, the high-energy limit and the region around z = 0. We carry out the same program also for Π (2) using only coefficients in the expansions that are analogous to the available information for Π (3) . From the reconstructed Π (3) we can determine previously unknown non-logarithmic coefficients in the high-energy and the nonrelativistic expansions as well as the O(α 3 s ) corrections of the moments M n for n ≥ 3. Using the reconstructed Π (2) function we can test the reliability of these determinations and find that these coefficients and moments can be determined remarkably well.
Following the approach of Ref. [7] , we split Π (2,3) (z) into two parts,
where Π (2, 3) log (z) are designed such that they contain the logarithmic terms in the expansions around z = 1 and for |z| → ∞. They can be conveniently constructed from the functions Π (1) and G(z) given in Eqs. (8) and (9) since the latter readily incorporate analytic structures that allow to incorporate the appropriate threshold and high-energy behavior into Π (2, 3) log (z). Once Π (2, 3) log (z) has been specified, the remaining task is to construct a Padé approximant for Π (2, 3) reg that allows to incorporate the remaining non-logarithmic constraints in the regions z ≃ 1, |z| → ∞ and z ≃ 0. The general structure of a Padé approximant P n,m has the form
which means that there are n + m + 1 coefficients that need to be specified. Note that the coefficients a i and b j are real numbers. Since Π (2, 3) reg still has a physical cut for z > 1 along the positive real z axis, one cannot use the variable z to formulate the Padé approximant. A convenient variable to automatically account for this cut is ω defined by (see e.g. Refs. [17, 18] )
Here, the physical z-plane is mapped into the unit-circle of the complex ω-plane, where approaching the physical cut from the upper (lower) complex z-half-plane corresponds to approaching the upper (lower) semi unit-circle in the complex ω-plane. The three points z = (0, 1, ±∞) are conformally mapped onto ω = (0, 1, −1). Expressed in terms of the variable ω, Π (2, 3) reg can therefore be approximated by rational functions involving the Padé approximant P n,m (ω). All Padé approximants that turn out to have unphysical poles inside the unit circle have to be discarded. In practice some additional restrictive criteria have to be imposed to avoid an unphysical behavior of Π and R due to poles in the Padé approximant outside the unit circle that are either close to the unit circle or have a large residue. We discuss these restrictions in Sec. VI.
It goes without saying that the constructions of Π (2, 3) log (z) and the Padé approximant for Π (2, 3) reg are not unique and that the resulting reconstructed Π (2, 3) functions have a dependence on choices made for their construction. The ambiguity in the procedure therefore needs to be quantified by accounting for variations in the construction. While in Ref. [7, 8] variations coming from different choices for P n,m were included for the error estimate, we include in our work in addition continuous variations in the construction of Π (2, 3) log . We test the reliability of the method by determining properties of Π (2) that are precisely known analytically, but that have not been incorporated for the construction of the approximation for Π (2) .
IV. DESIGNING Π log
To determine Π (2, 3) log we need to account for the logarithmic terms that arise in Π (2, 3) in the threshold region z → 1 and in the high-energy limit |z| → ∞. To facilitate the presentation it is convenient to write
where Π are designed to account for the logarithmic terms at threshold and at high energies, respectively, and Π (2, 3) zero incorporates subtractions that ensure a physical behavior at z = 0.
Threshold Logarithms. We start by presenting the expansions of Π (1,2,3) (z) and G(z) in the threshold limit z → 1 keeping terms up to NNLO in the expansion in √ 1 − z :
To avoid cluttering we show the various coefficients for Π (1,2,3) (z) in numerical form, but keep the number n ℓ of light quark flavors as a variable. The expansions of Π (1) and G are known from their exact expressions given in Eqs. (8) and (9) while the expansion for Π (2) can be derived from the results for R in the threshold region computed in Ref. [25] . The expansion for Π (3) is obtained from the NNLO threshold cross section factorization formula for R within NRQCD first derived in Ref. [12, 13] (see also Ref. [26] ). The result was later confirmed by many other groups [27] . Note that within NRQCD it is the standard convention that only the n ℓ light quark species contribute to the running of the strong coupling. Switching to n f = n ℓ + 1 running flavors affects the coefficient of the term ∝ ln(1 − z) in Π (3) . All other coefficients shown in Eq. (15) are unaffected. We also note that the singlet contributions to the vacuum polarization function only affect the threshold expansion at N 4 LO in the expansion in √ 1 − z and do not contribute at the order we consider here.
1 The constant terms K (2, 3) that appear in the nonrelativistic expansion of Π (2, 3) have not yet been computed from Feynman diagrams. As we show in Secs. VII and VIII they can be determined from the reconstructed vacuum polarization function based on the method described in Sec. III. To construct Π (2,3) thr we have to find appropriate functions that account for the different combinations of the logarithmic term ln(1 − z) and powers of √ 1 − z that appear in Eqs. (15) . A convenient choice is given in Tab. I, and leads to
The coefficients A (2,3) i can be unambiguously determined from the expressions shown in Eqs. (15) . Obviously the choices in Tab. I are not unique. To have some quantitative way to account for this source of uncertainty we have multiplied the functions related to the highest power of ln(1 − z) in different orders in the expansion in . We note that given the functions in Tab. I it is straightforward to account for even higher terms in the expansion in the threshold limit for the construction of Π (2, 3) thr .
High-Energy Logarithms. The expansions of Π (1,2,3) (z) and G(z) in the high-energy limit |z| → ∞ read
The expansions for Π (1) and G are known from the exact expressions given in Eqs. (8) and (9), while the expansion for Π (2) was taken from Ref. [28] . Note that many orders in high-energy expansion are known for Π (2) [29], but we only consider in this work terms up to order 1/z 2 , since our analysis for Π (2) mainly serves as a testing ground for the application to Π (3) . The expansion for Π (3) was obtained in Refs. [10] . At O(α 
At
As we show in Secs. VII and VIII they can be determined from the reconstructed vacuum polarization function Π (3) . inf (z).
To construct Π (2, 3) inf (z) we have to find functions that can account for the different combinations of powers of ln(−4z) and of powers of 1/z that arise in the expansions of Eq. (17) . A convenient choice is given in Tab. II. Our guideline for including the factors of (1 − z)
i is to ensure that the functions are constant or ∼ √ 1 − z in the threshold limit z → 1. This leads to
10 + 
where the coefficients B (n) i can be determined unambiguously from the conditions in Eqs. (15) and (17) . In analogy to Π inf (z) that arise in the limit z → 0. They are a consequence of the functions used to construct Π (2, 3) thr (z) and Π (2, 3) inf (z). These singularities lead to unphysical behavior and need to be subtracted. For this task we define the function
After the coefficients A 
Note that it is not mandatory to fix S (2,3) 0 in this way, and that our approach is independent of the choice for S (2,3) 0 . However, to satisfy Eq. (6) it is convenient for the purpose of presentation to impose the condition (21) and also the relation Π (2, 3) reg (0) = 0.
V. DESIGNING Πreg
The terms Π (2, 3) reg in Eq. (11) have to account for the non-logarithmic conditions in the expansion at the threshold and at high energies, and for the coefficients that arise in the expansion around z = 0. We start by presenting the small-z expansion of Π (2) and Π (3) :
The coefficients for Π (2) were computed in Refs. [7, 8] . Recently the coefficients for Π (2) have even been determined up to order z 30 [30, 31] . For Π (3) the coefficient of order z was computed in Refs. [14, 15] , and the coefficient of order z 2 was given in Ref. [16] . The coefficients of order z n with n ≥ 3 have not yet been computed from Feynman diagrams. However, they can be determined from the reconstructed function Π (3) as we show in Secs. VII and VIII.
Designing Π
reg . We start exemplarily with the construction of Π
reg . Close to threshold Π (2) exhibits the Coulomb singularity ∼ 1/ √ 1 − z, see Eq. (15) . To avoid that the Padé approximant contains explicitly this singularity, we use two different methods:
(i) We relate the Padé approximant P (ω) to f (z)Π (2) reg , where f (z ≈ 1) ∼ √ 1 − z. The coefficient of the Coulomb singularity is implemented through a condition on P (1).
(ii) We use the relation
and account for the Coulomb singularity by adding the function
log . The Padé approximant P is not affected by the Coulomb singularity.
The numerical differences that result from these two methods of implementing the Coulomb singularity constitute another tool for quantifying the uncertainties inherent to our approach.
For method (i) the expression we use for the relation between the Padé approximant P (ω) and Π
reg reads
A similar relation was also used in Ref. [8] . Since the prefactor grows linearly with z, P (−1) is a finite number. Some comments are in order concerning the term Π reg (−∞) that appears in Eq. (24) and also in the analogous relations (27) and (29) that follow below. From the conditions Π(0) = Π log (0) = Π reg (0) = 0 it is easy to see that
Thus in case that Π reg (−∞) is known and taken as an input, Eq. (25) represents a condition that is imposed on the Padé approximant P . On the other hand, if Π reg (−∞) is unknown or not taken as an input, it can be determined from Eq. (25) once the Padé approximant has been fixed from other conditions. We show in Secs. VII and VIII that this allows to determine the high energy constants H (2,3) 0 with small uncertainties. From Eqs. (24), (25) and (11) the vacuum polarization function Π (2) is recovered from the relation
From Eqs. (24) it is now straightforward to determine the conditions on the Padé approximant P (ω) from the nonlogarithmic constraints on Π(z) in the threshold and the high-energy regions and from the coefficients in the expansion around z = 0. Additional constraints on P arise from the fact that in the limit |z| → ∞ the first term on the RHS of Eq. (26) can exhibit odd power terms ∼ 1/z (2n+1)/2 with n = 1, 2, . . ., which do not exist in the high-energy expansion of the vacuum polarization function. It is reasonable to exclude such terms up to order 1/z (2n+1)/2 when the information from the high-energy expansion up to order 1/z n is accounted for. For example, excluding terms ∼ 1/z 3/2 in Eq. (26) leads to the constraint P (−1) − 2P ′ (−1) = 0, where P ′ refers to the derivative of P (ω) with respect to ω. Excluding also terms ∼ 1/z 5/2 leads to the condition 3P (−1) − 9P ′′ (−1) + 2P ′′′ (−1) = 0. The various conditions on P lead to a complicated non-linear set of equations for the coefficients of the Padé approximant in Eqs. (12), which we do not present explicitly here. These equations frequently have multiple solutions and are most conveniently tackled numerically.
For method (ii), where the Coulomb singularity is treated in Π (2) log the relation between the Padé approximant P (ω) and Π (2) reg (z) reads
A similar relation was also used in Ref. [8] . Here, excluding terms of order 1/z 3/2 and 1/z 5/2 for |z| → ∞ corresponds to the conditions P (−1) − P ′ (−1) = 0 and 6P (−1) − 6P ′′ (−1) + P ′′′ (−1) = 0, respectively. The vacuum polarization function is then recovered from the relation
reg . The construction of Π
reg proceeds in a similar way. At O(α 3 s ) the vacuum polarization function has a Coulomb singularity ∼ 1/(1 − z). For method (i) this singularity is incorporated in Π (3) reg and the relation between P (ω) and Π (3) reg reads
where (1 − ω) 2 ∼ (1 − z) for z → 1. Excluding terms of order 1/z 3/2 and 1/z 5/2 for |z| → ∞ corresponds to the conditions P ′ (−1) = 0 and 3P ′′ (−1) − P ′′′ (−1) = 0, respectively. The vacuum polarization function is recovered from the relation
For method (ii) we add the function 8ζ
Coulomb singularity is therefore accounted for in Π
log . The relation between the Padé approximants and Π
reg has then the same form as Eq. (24) with Π (2) reg replaced by Π (3) reg . The relation for the Π (3) (z) has the same form as Eq. (26) with Π
log replaced by Π
log . The relations imposed on P to exclude terms of order 1/z 3/2 and 1/z 5/2 are then also P (−1) − 2P ′ (−1) = 0 and 3P (−1) − 9P ′′ (−1) + 2P ′′′ (−1) = 0, respectively.
VI. DISCARDING UNPHYSICAL SOLUTIONS
For the reconstructed functions Π (2) and Π (3) we have several types of variations that can be implemented into the construction and which we can use to quantify numerically the uncertainty of the results. Apart from the two ways to account for the Coulomb singularity described as methods (i) and (ii) in the previous section, we have also implemented modification factors in Eqs. (16) and (19) that allow us to scan over a continuous set of functions within Π (2, 3) log . Once the modification functions are fixed there are in general several possible choices one can use for the Padé approximants P m,n with n + m being fixed by the number of conditions one imposes on Π (2, 3) reg . The resulting solutions for the Padé approximants can, however, have properties that lead to an unphysical and pathological behavior for Π and R. Such solutions need to be discarded for a meaningful phenomenological analysis [8] .
An obvious restriction concerns solutions for P m,n (ω) that lead to poles in Π (2, 3) in the complex ω-plane inside the unit circle.
2 These solutions are unacceptable and we discard them right away because such poles lead to an unphysical analytic structure. A more subtle situation arises for solutions with poles in Π (2, 3) in the upper complex ω-half-plane that are outside the unit circle, but are either close to the unit circle or have a large residue. Although the analytic structure of such solutions is not a priori wrong, we still discard such solutions if they lead to an unphysical resonance-like structure in the cross section R. To have a quantitative criterion that can be implemented easily automatically we compute for every pole in Π reg in the upper complex ω-half-plane the so called pole factor
where ω pole is the location of the pole in the complex ω-plane and Res Π (ω pole ) the residue of Π (2, 3) at ω pole . If |ω pole | is close to unity or if the residue is large, the pole factor becomes big and a resonance-like structure can arise in R. We discard solutions when ρ > ρ 0 . For our analysis we found that the choice ρ 0 = 2.8 represents a reasonable restriction for Π (2) , while for Π (3) we use ρ 0 = 30. For the vacuum polarization function Π (3) a larger value for ρ 0 is used since such poles arise predominantly in the threshold region close to ω = 1. Here Im[Π (3) ] is substantially larger than Im[Π (2) ] due to the bigger size of its Coulomb singularity, see Eq. (15) . Given the set of solutions for Π (2) that pass the restrictions described above we can analyze how well these solutions reproduce other well-known properties of Π (2) .
VII. ANALYSIS FOR THE VACUUM POLARIZATION AT
The purpose of this section is two-fold. First we demonstrate the reliability of our approach for its application to Π (3) by testing it with the rather well-known O(α 2 s ) vacuum polarization function Π (2) and, second, we determine the previously unknown constant K (2) that appears in the nonrelativistic expansion of Π (2) close to the threshold, see Eq. (15) .
To demonstrate the reliability of our approach let us reconstruct Π (2) using only information from the different expansions that is analogous to the available information in Π (3) . Thus we account for the expansions in the threshold region up to NNLO, in the high-energy region up to order 1/z 2 and up to order z 2 for the expansion around z = 0.
For the construction of Π (2) reg this entails that we account for the first two coefficients of the expansion around z = 0, the non-logarithmic term ∝ √ 1 − z in the threshold region and the constraints that terms ∼ 1/z 3/2 and ∼ 1/z 5/2 are absent for |z| → ∞. We do not implement the known constants H
0,1 , but we determine them from the reconstructed Π (2) . This amounts to 6 constraints on the Padé approximant for method (i), where the Coulomb singularity is accounted for in Π
reg , and to 5 constraints on the Padé approximant for method (ii), where the Coulomb singularity is accounted for in Π (2) log . Thus we have n + m = 5 for the Padé approximants P m,n for method (i) and n + m = 4 for the Padé approximants for method (ii).
Given the analytic form for the reconstructed Π (2) functions we can expand them in the threshold region, the high-energy limit and around q 2 = 0. In Fig. 1 the results for the coefficientsC and the leading high-energy coefficient H (2) 0 . We also obtain a very precise determination of the the threshold constant K (2) . 
0,1 and K (2) from the reconstructed Π (2) functions using various different types of approximations for Π (2) . Empty entries for coefficientsC (20) k indicate that they are exact in that particular approximation. The exact analytic form for K (2) is unknown. All results are for n f = n ℓ + 1 = 4 running flavors relevant for charm production.
To demonstrate that our approach is systematic we need to show that the results become more accurate once more information is included for the reconstruction of Π (2) . In Tab. III the results of Fig. 1 forC and when in addition to that also all NNLO threshold information is neglected ("approximation A"). The results show that the properties of the vacuum polarization can be determined more accurately once more information is used for its reconstruction with our approach. Moreover, we find that the variations of the reconstructed vacuum polarization function due to the different choices for the modification factors and the Padé approximants represent a reliable tool to estimate the uncertainties. It is an astounding and amusing fact our approach allows for a determination of the coefficientsC (20) k for large values of k with practically negligible uncertainties. This is demonstrated in Fig. 2 where the difference of the results we obtain for the coefficientsC (approximation D) we obtain the range of values between the red squared symbols (red shaded region). In this case we obtain for k > (10, 15, 20) a maximal relative discrepancy to the exact values of below (3, 0.8, 0.5)%. Including the coefficients up to order z 6 (approximation E) we obtain the range of values between the blue diamond-shaped symbols (blue dark shaded region). Here, we obtain for k > 10 a maximal relative discrepancy to the exact values of below 0.2%. The results for the high-energy coefficients H (2) 0,1 for approximations D and E are also shown in Tab. III. Again we find agreement with the exact results with decreasing uncertainties once more information is included for the reconstruction of Π (2) . Given the excellent quality of the results we consider our approach a reliable method to determine the previously unknown threshold constant K (2) . As our final result for K (2) we adopt
To conclude this section let us analyze the O(α 2 s ) corrections to the e + e − cross section obtained from the reconstructed Π (2) . In Fig. 3 we have plotted 12πvIm[Π (2) (q 2 + i0)] for n f = 4 relevant for charm quark production in the pole mass scheme as a function of the quark velocity v = 1 − 1/z. We have included the factor of v to suppress the Coulomb 1/v-singularity that arises in the cross section for small values of v and to have a finite value in the limit v → 0. In the left panel the result for approximation C is shown. The red band is the area covered by all solutions for Π (2) that pass the criteria discussed in Sec. VI and represents the uncertainty. The size of the uncertainty corresponds to the envelope of the individual error bars shown in Fig. 1 where approximation C has been used as well. For comparison we have also displayed the expansions in the threshold region for v → 0 (dotted lines) and in the high-energy limit for v → 1 (dashed lines), where the short lines refer to leading order, the medium-length lines to next-to-leading order and the longest lines to next-to-next-to-leading order. The uncertainties are reduced substantially when additional coefficients for the expansion around z = 0 are included for the reconstruction of Π (2) . This is demonstrated in the right panel, where the coefficients up to order z 6 are included for the reconstruction of Π (2) . Again the red band is the area covered by all solutions for Π (2) that pass the criteria discussed in Sec. VI. For method (i) to account the Coulomb singularity we found solutions based on the Padé approximants [9, 0] , [8, 1] , [7, 2] , [6, 3] , [5, 4] , [3, 6] , [1, 8] , and for method (ii) we found solutions based on the Padé approximants [8, 0] , [7, 1] , [6, 2] , [5, 3] , [4, 4] , [3, 5] , [1, 7] . The width of the band is already smaller than the width of the solid lines used to draw the boundaries of the band. s C A C F ) contributions given in Ref. [8, 20] (using Eqs. (65) and (66) of Ref. [8] ) together with the analytically known fermionic corrections agree within 1-2% with our result. We thus confirm the results for the cross section given in Refs. [8, 20] . 
VIII. ANALYSIS FOR THE VACUUM POLARIZATION AT O(α
reg we account for the first two coefficients in the expansion around z = 0, the non-logarithmic term ∝ √ 1 − z in the threshold limit and the two constraints from the absence of terms ∼ 1/z 3/2 and ∼ 1/z 5/2 for |z| → ∞. This amounts to 6 constraints on the Padé approximants for method (i), where the Coulomb singularity ∝ 1/(1 − z) is accounted for in Π
reg , and 5 constraints on the Padé approximants for method (ii), where this Coulomb singularity is accounted for in Π (3) log . Thus we have n + m = 5 for the Padé approximants P m,n for method (i) and n + m = 4 for the Padé approximants P m,n for method (ii).
In Fig. 4 the results for the coefficientsC we find uncertainties of about 1% and 10%, respectively. This compares well with the corresponding results for H with k ≥ 3 we find somewhat larger relative uncertainties than in for theC (20) k in approximation C. This is, however, not unexpected since the cancellations that arise when the pole mass results for these coefficients are transferred to the MS mass scheme are substantially larger at O(α a particularly large error and can merely serve as a rough constraint on its true values. Concerning the precision in the determinations of K (3) , we believe that a substantial improvement can be achieved once the full set of NNNLO terms ∝ √ 1 − z in the expansion for R at the threshold and the exact values forC 
0,1 and K (3) obtained from the reconstructed Π (3) function for n f = n ℓ + 1 = 4 and n f = n ℓ + 1 = 5. The coefficients C
1,2 are known exactly and shown for completeness.
One of the most important applications of the coefficientsC (30) n is the determination of the MS charm and bottom quark masses from moments M n of the charm and bottom quark e + e − cross section. For small values of n one way to compute the moments is using fixed-order perturbation theory as shown in Eq. (10) . Using the results from Tab. IV we find for the fixed-order moments at O(α Finally, let us analyze the O(α 3 s ) corrections to the e + e − cross section obtained from the Π (3) . In Fig. 5 we have plotted the function 12πvIm[Π (3) (q 2 + i0)] for n f = 4 relevant for charm quark production in the pole mass scheme as a function of the quark velocity v = 1 − 1/z. As for the analysis in Fig. 3 we have included the factor v to suppress the Coulomb singularity. The function still diverges logarithmically for v → 0 because the O(α 3 s ) cross section has a singularity ∼ ln(v)/v in the nonrelativistic limit. The red shaded band is the area covered by all solutions for Π (3) that pass the criteria discussed in Sec. VI and represents the uncertainty. The relative uncertainty is about 10% at v = 0.2 and 0.8 and should be acceptable for most applications where O(α 3 s ) accuracy is required. For comparison we have also displayed the expansions in the threshold region for v → 0 (dotted lines) at NLO (short line) and at NNLO (long line). Likewise the expansions in the high-energy limit for v → 1 (dashed lines) are shown, where the short line refers to order 1/z 0 , the medium-length line to order 1/z and the longest lines to order 1/z 2 . We strongly emphasize the importance of incorporating the NNLO contributions in the expansion close to the threshold and the 1/z 2 terms at high energies for achieving our result. Once more information from the different kinematic regions becomes available, the uncertainties can be further reduced substantially.
